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The heat-conduction problem in a three-layer cylindrical system 
is solved in this article for the case of a complex boundary layer 
and heat sources distributed over the surface and the volume. 

Cyl indr ica l  s t r u c t u r e s  a re  used ex tens ive ly  in va r ious  
b ranches  of eng ineer ing .  We have n u m e r o u s  solut ions  
at our d isposa l  for  the t e m p e r a t u r e  p rob lem pe r t a in ing  
to cy l ind r i ca l  s t r u c t u r e s ,  inc luding those that a re  
composi te  [1-3] .  However,  the rea l  p r o c e s s e s  are  
desc r ibed ,  as a ru le ,  by quant i ta t ive r e l a t ionsh ips  so 
complex that they cannot  be reduced  to ex is t ing  s chemes .  

In this paper  we analyze  a gene ra l i zed  model  which 
s chema t i ze s  a la rge  group of t h e r m a l  p r o b l e m s  a s so -  
c ia ted with the product ion  opera t ions  of s tamping ,  
ex t rus ion ,  etc. [4]. Let us cons ide r  a t h r e e - c o m p o n e n t  
cy l ind r i ca l  sy s t em:  b l ank -bounda ry  l a y e r - m u l t i l a y e r  
tool (Fig. 1). The study is c a r r i e d  out for the heat ing 
stage of the f i r s t  cycle in hot s tamping.  In the defor -  
mat ion  of a blank (0 -< r - R0) with the t he rma l  coef-  
f ic ien ts  k0 and a 0, as well  as an in i t ia l  t e m p e r a t u r e  
U0(r, 0) = v = const  for  t > 0, a cons tant  quanti ty of 
heat w is un i fo rmly  genera ted  per  unit  t ime  pe r  uni t  
volume.  Fo r  the pu rposes  of the example ,  the tool is 
made Of a two- l aye r  m a t e r i a l :  the f i r s t  l aye r  (R 0 <- 
-< r -< RI) has the t h e r m a l  coe f f i c i en t sk  t and al; for 
the second l ayer  (R i -< r < oo) we havek  2 and a 2. We 
a s s u m e  the contact  between the l aye r s  to be ideal .  The 
in i t ia l  tool t e m p e r a t u r e  is a s sumed  to be equal to zero:  
Cl(r ,  O) = U2(r, 0) = O. 

The boundary  l aye r  is made up of two s u b l a y e r s ,  
one of which belongs to the heated blank,  with the other  
a pa r t  of the tool. The co r r e spond ing  t h e r m a l  r e s i s -  
t a n c e s - t a k e n  with cons ide ra t ion  of the contact  r e s i s -  
t a n c e - a r e  denoted P0 = l/H0 and Pl = 1/H1 (H is the 
t h e r m a l  conduct ivi ty) .  The heat  of f r i c t i on  q is gen-  
e ra ted  within the boundary  l aye r  and in those por t ions  
of the blank and s tamp that are in contact .  However,  
with an approach that is a r b i t r a r y  to some extent ,  we 
can a s s u m e  that q is loca l ized  between the sub t aye r s  
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_% 
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(Fig. 2). Applying the Kirchhoff and Ohm ]laws for  the 
"boundary  l ayer"  segment  of the t h e r m a l  c i r cu i t ,  we 
obtain 

qo +q--q: = O, 
i UI(RO, t)= U~(Ro, t)--ooqo--9:qu (1) 

where  q0 is the flow of heat f r o m  the blank and ql is 
the heat flow to the s tamp:  

= - -  ko ~ -  Uo (Ro, t), qo 

q: = _ ~: O _  U: (Ro, 0. 

Then,  r e ly ing  on (1), we will  fo rmula te  the s ta ted 
p rob lem as follows: 

( 0 ~ 1 O I O ! 
0 7  .27 ~= - - -  Uo(r, t) 

�9 r Or ao at ] ~o 

, (O/r<Ro,  t>O), 
( 0 ~  + 1 0 1 0 )U,(r,O= 0 

r Or aj Ot 
(]=1, RoareR:; j~-2, R: ,s  

0 ~-~ U~ (Re, t) (t > 0), --M--:-Uo(Ro, t) = k :  +q  = 0  
Of OF 

�9 O 
Zo ~- r  b'o (Ro, t) 

+H[Uo(Ro, t)--U:(Ro, t ) - - ~ t  ] = 0  

(H-I -- Ho~ § HTI), 

~ ~r UI(R,, t) 
O 

- = x~ o--7 u~ (R~, t), 

u ,  (R:, t) - u~ (R:, t), 
Uo (0, t) < o0, U~ (oo, t) = O, 

Uo (r, O) = v = const, 

u:  (r, o) = u~ (r, o) = o. (2) 

Applying the un i l a t e r a l  Laplace t r a n s f o r m  with 
r e s p e c t t o  the t ime  t, 

Oj(r ,  s ) = , i U j ( r ,  t) e -stdt ( ] = 0 ,  1, 2 ) ,  
0 

to the boundary  p r ob l e m (2), in the image space we 
obtain 

q, lq q 

u, 5 Po u~ 

Fig.  1. Scheme of the gene ra l i zed  
model .  

F ig .  2. Scheme of the boundary  
l ayer .  
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Uo(r, S)=~-V + wao 
s ~o sS 

H [As (/) At (K) --  As (K) At (/)1 I0 (por) 
s [ao d) a~ (K) - -  Ao (k9 al (I)I 

Ut (r ,  s) = 6 [A, (K) Io (Pff) - -  At (hKo (h~r)l 
s [ao (I) A1 (K) - -Ao (K) A1 (I)] 

~]~ ( r ,  s) = L16 Ko (p~r) 
sRt ['30 (I) At (K) - -  Ao (/<) A~ (I)1 

, (3) 

w h e r e  pj = 4 s / a ~  and Z u(x) denote  the  c y l i n d r i c a l  func-  
t ions  Iu(x) and Kv(x)- -of  o r d e r  p--of  the p u r e l y  i m a g -  
i n a r y  a r g u m e n t ,  

(Z) - -  Po ~.o 11 (PoRo) ~.~ ptZo (P~Ro) [ Ao 
= Po Xo Ix (poRo) + Hlo (poRo) - -  HZo (PIRo) I ' 

= 

I Xl plZ'o ( p l R O  a l  (z)  = I 
I Zo (P~R~) 

- - q  

As (Z) q - -  v 
Ht ko s 

- -  Po ko I~ (poRo) 

Po ko Ix (PoRo) + Hlo (poRo) 

z.. p..G (pd~l) [ 
- Ko (p~aI) I '  

h ptZ'o (PtRo) 

- -  Z~ (P~G) ; 

- -q  

(-~1 - v -  koWa~ H 

F o r  s = 0 the t r a n s f o r m s  Uj(r ,  s) have a b r anch  
poin t ,  and this  is  e a s i l y  e s t a b l i s h e d  [5] by tak ing  the 
f i r s t  t e r m s  in the s e r i e s  expans ion  of the fo l lowing 
c y l i n d r i c a l  funct ions  fo r  the s m a l l  va lues  of the  a r g u -  
men t :  

Io (x) - -  1, 11 (x) --- ~ - ,  

__Cx Kt(x) ~ 1__ + __x In Cx x . Ko (x) ~-- In 
2 '  x 2 2 4 

w h e r e  y = In C = 0.577 ... is the E u l e r  cons tan t .  
T h e r e f o r e ,  t u rn ing  to the o r i g i n a l  with the  R i e -  

m a n n - - M e l l i n i n v e r s i o n f o r m u l a ,  we should a s s u m e  an 
i n t e g r a t i o n  contour  that  i s  cut a long the nega t ive  r e a l  
h a l f - a x i s .  At and within this  contour  the Uj(r ,  s) a r e  
uniquely  def ined  funct ions  of s and have no po les ,  
which  is  e a s i l y  p roved ,  us ing  a sympto t i c  e x p r e s s i o n s  
fo r  the  c y l i n d r i c a l  funct ions  when x >> p, 

I~ (x) _ 1 ~ V - d -  1/'2d x e~' K, (x) ~-- _ _ - ~  e -~, 

if we i nves t i ga t e  the b e h a v i o r  of these  funct ions  for  
l a r g e  va lues  of s: 

5"o(r, s ) ~  v ~a___.A_o 
+ koS s + 

H V  T-R~176 

+ s (ZOO1 PoP1 + ~,o poll + ~.t pIH) ' 

~]l(r, s)~-- V R~ 

[ qLoPo+qH4-~.opoH v----'~l + Los ]J 

s (kokl PoPx 4- ~o potl 4- ~,1 plH) (4) 
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0 2 (r, s) ~ + Z__L 

q wc~ 't 
qkoPo-FqH F XopoH v - -  H-~ t koS ] 

X 
s (Lokl PoP1 4- ko poll 4- ~.1 plH) 

On the b a s i s  of the r e s i d u e  t h e o r e m ,  the i n t e g r a l s  
with r e s p e c t  to the s e l e c t e d  contour  a r e  equal  to ze ro ,  
whi le  on the b a s i s  of the J o r d a n  l e m m a  the i n t e g r a l s  
with r e s p e c t  to the g r e a t  a r c s  of the i n t e g r a t i o n  contour  
a p p r o a c h  ze ro  when the r a d i u s  of the g r e a t  c i r c l e  in-  
c r e a s e s  without l i m i t .  At the l imi t ,  the i n t e g r a l s  with 
r e s p e c t  to the s m a l l  c i r c l e  a l so  y ie ld  ze ro .  A s s u m i n g  
s = a0x2e m at the  upper  cut  l ine ,  and s = a0xUe - m  at 
the l ower  cut l ine ,  we then obta in  * 

Vo(r ,  t) = 

2_H ? q~ (N) $ (J) - -  q~ ( d ) ,  (N) (1 - -  e . . . . .  -~t) dx 
g J ~2 (j) + , ,  (N) x ' 

0 

UI (r, t) = 

i " 
2 [~ (N) y (J) - -  ~ (J) y (N)l E (1 - -  e . . . .  '0 dx 
# , ~ ( J ) + , ~ ( N )  x ' 

0 

4 
G (r, t) - 

~s  

~2 (J) No (bxr) - -  Jo (bxr) ~2 (iV) (1 . . . . .  dx 
• J (5) 

0 

where 
r (Z) = D (J) C (Z) + D (N) B (Z), 

~p (Z) = A (J) C (Z) 4- A (iV) B (Z), 

y (Z) = C (Z) Jo (axr) + B (Z) No (axr); 

A (Z) = x ko ]1 (XRo) a ~.1 Z1 (axRo) 
- -  ko x J1 (xRo) 4- HJo (xRo) HZo (axRo) ' 

I L, a J1 (axRt) ~ bZl (bxR1) 
B (Z) = --  x Jo (axR1) Zo (bxRx) ' 

C (Z) = x --  kt aN1 (axR1) ks bZ~ (bxR,) 
No (axRa) - -  Z~ (bxR1) ' 

[-H-11 - -  ql L1 axZl (axRo) 
w Zo (axRo) ' D ( Z ) =  q - - o +  Lox------ T 

x ko J1 (xRo) - -  q H 

Z v(X) a r e  c y l i n d r i c a l  func t ions - -o f  o r d e r  v--of  the r e a l  
a r g u m e n t ,  

a =  t. ao/al , b : V ao/a~. 

I 

*The o r i g i n a l s  a r e f o u n d  fo r  sUj ( r ,  s) on each  of the 
cut l ines  and the r e s u l t s  a r e  added.  The funct ions  
U j ( r , t )  a r e  then d e t e r m i n e d  on the b a s i s  of the i n t e -  
g r a l - i m a g e  t h e o r e m .  



The cited solutions--involving the use of contempo- 

rary computer facilities--enable us to find the tem- 

per'ature field for sources of any duration. 

Many processes, stamping in particular, are char- 

acterized by sources of brief duration. An analysis 

of such processes would be useful, if we rely on the 

simpler solution derived for small periods of time, 

proceeding from the familiar limit theorem of opera- 

tional calculus. In conformity with (5), as t ~ 0, we 

have 

ooo 
Uo (r, t) ~ v + ~ t + Xo~.~ aho q~ (x, t), 

~/i Ro 
a 'r 

U~ (r, t) ~ H ~o~ ht ~ (l], t), 

U~ (r, t) 

"~ H I' at 
,- XoX~ht ~L + ~L r t), (6) 

| at ! a2 

where  

cp (x, t) 

--- Ao exp (hox + aoth~) erfc t- ~- ho |/ad 

1 - (  x ) x + B, I aot 2i erfc - -  erfe 2 ~ ao--Y 

_ ~ a ~  aot 4i~ erfc ( x ) 

* (v, t), 

~ A, [ exp(h~y + atth~)erfc ( ~ + ht , at-it) 
2 ~ art 

--erfe[g------~--)]+Bl, al--~2ierfc( y ) 
k 2 v  art ]J 

Y + aatwt 4t" erfc ( 2 , ~lt ) , 

ho q ( ~ w )  A o = - - -  -}- ~,ta v - -  q + 
H1 M ho 

Bo = q + )~t aw , 
~o ho 

v +  q 
a ~  A1 ~- q aw H2 ~,o, Bt = q - - - -  

�9 Ht h~ a ht 

x=Ro- - r ,  y = r - - R o ,  

z = R t - - R o +  l / /  at (r--R1), 
I-- oe 

h0-_n 

h , = H  -/70 + ) = ho. 

When we use (6), it is not difficult to de te rmine  the 
magnitude of the heat  flow acting on the su r face  of the 
s tamping tool (r = R0) dur ing the per iod of active con-  
tact :  

qt ~ ~oh~ -~o  At[exp(athZ~t)erfc(ht ~ a,t)--1] -t- 

+ 1.!284Bt ! ax--t + aaiwt} -- A~htexp(a~h~t)eric(hi ~ ~t) 

+ B~ + 1,1284a~v I a~t} . (7) 

There  is obvious in teres t  in finding q~ theore t ica l ly .  

NOTATION 

aj is the thermal diffusivity; X is the thermal con- 

ductivity; r is the instantaneous radius; R 0 is the ra- 

dius of "blank-tool" joint; R I is the joint radius for 
composite bilayer cylindrical tool; U 0 is the initial 

temperature of the blank; U I and U 2 are the initial 
temperatures of the cylindrical rings of the composite 

bilayer tool; q is the specific heat flux due to heat of 
friction; w is the volumetric output of the heat source due 

to deformation; q0 is the power of the heat flux from 

the blank; ql is the power of the heat flux to the stamp; 
p is the thermal resistance; H is the thermal conduc- 

tivity; 10(x), If(x), K0(x), and Ki(x ) are the cylindrical 
(Bessel) zero-th and first order functions of pure imagina- 

ry argument ;  v is the o rde r  of the cy l indr ica l  function: 
2i erfc(x) and 4i 2 erfc(x) are  specia l  functions.  
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